In this study, we have applied a generalized successive numerical technique to solve the elasticity problem of based on the elastic ground with variable coefficient. In the first stage, we have calculated the generalized successive approximation of being given BVP and in the second stage we have transformed it into Padé series. At the end of study a test problem has been given to clarify the method.
Introduction
The solution of BVPs has a lot of methods in literature. One of the most known is the integral equations method. By using the mentioned method, we can achieve an integral equation which is equivalent to the BVP. It is well known that the solution of the integral equation can be defined as the solution of the BVPs. This equation is generally known as Fredholm equation in the mathematical society. But in our paper we acquire a Fredholm-Volterra integral equation different from the known as so far.
The elasticity problem based on the elastic ground with variable coefficients has the following form;
where a(t) and f (t) are previously given continuous functions on the interval 0 ≤ t ≤ T. At first, the successive approximations method has been applied to the problem and then converted to Padé series [3, 4] .
The equivalent integral equation
The following linear equations
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are known in the literature as Volterra, Fredholm and Volterra-Fredholm integral equations, respectively. We call the function f (t) as free term of (4)- (5), K(t, s) and K i (t, s) are kernels of equations (4)- (5), and x(t) is an unknown function defined on the interval 0 ≤ t ≤ T .
Let C[0, T ] be the space which contains all of the continuous functions defined on the closed interval [0, T ]. In this space the norm of x(t) ∈ C[0, T ] is a real function and given as follows,
We can define F x and V x as
K(t, s)x(s)ds
and
on the C[0, T ], and the above operators are called as Fredholm and Volterra operators. If
If the operator F x acts from C[0, T ] to R then we call the operator F x as linear functional. We define degenerated kernel function as the following
If kernel function is degenerated, the integral equations which has this sort of kernel are known as integral equations with a degenerated kernel [5] .
Let equation (4) has kernel (7) then the equation (4) can be arranged as
Here, we search the solution of the eq. (8) as follows
To getC j , we can arrange a system as follows
Let ∆ be the determinant of above system. If ∆ =0, then we find out
where ∆ i j is known as algebraic complement of ∆ . The ∆ i j can be constructed by deleting ith row and jth column of the ∆ . If equation (4) has degenerated kernel, the solution of the eq. (4) will be
The green functions and solution of BVPs
We are considering the following BVPs
where a(t), b(t) and f (t)(0 ≤ t ≤ T ) are previously defined functions. Let α i , β i and γ i (i = 0, 1) are constants [6] . We convert the equation (9) into its homogeneous form as following
Definition 1. Let G(t, s) be function which has the following properties with its known value s ∈ (0, T ) (I) If t = s, then G(t, s) is solution of the given problem (10). (II) If t = s, then G(t, s) is continuous function with respect to t. Partial derivative of the G(t, s) with respect to t has first kind of discontinuity and its jumping number 1.
That is,
Now, we are going to construct the Green function: Let we think eq. (10) has two distinct solution such as x 1 (t), x 2 (t) respectively and satisfies the boundary conditions (11) and (12), respectively.
Let consider the following function
Now we choose the functions ϕ(t) and ψ(t) which satisfy (3.5). That is,
If we solve the above system we can get the functions ϕ(s) and ψ(s). By substituting ϕ(s) and ψ(s) in (14) we get the function G(x, s) as Green function of the problem (10)-(12).
Theorem 1. Let G(x, s) be the Green functions of the problem (10)-(12) and let f (t) be a continuous function, the following function
will be the solution for nonhomogeneous problem (9) [6] .
The equivalent Fredholm Volterra integral equations
Let F(t) = f (t) − a(t)x. When we consider the boundary conditions (2) and the equation
has integral order of four, on the interval [0,t], the following equations can be arrived
In addition to this, the boundary conditions (2), (3) and x(t), x ′ (t) have been used,
are gained. The solution of the above system yields the following equations,
If we put (16) in (15), in that case we acquire
F(s)ds
for this reason, when we think
we get
The equation (17) is known as linear Volterra Fredholm integral equation where Fredholm operator has degenerated kernel. Let we define
So, the equation (17) can be arranged
by the reason of F 1 x, F 2 x Fredholm and V x Volterra operators, respectively. Thereby, the problem (1)-(3) will be equivalent to the integral equation (18) [6] .
The generalized successive approximation method for elasticity problem
To obtain the approximation of Volterra-Fredholm integral equation (18), we can use the following formula
here h(t) = x 0 (t) is known as discretionary and continuous function.
By solving the linear Volterra-Fredholm integral equation can calculate the approximation x n (t),
where (20) has a degenerated kernel and has a solution
In addition to that we can calculate the unknown terms C 1 and C 2 by solving the following linear equation system
If we assume the determinant of the coefficient matrix of (22) is not zero, namely
We can calculate C 1 and C 2 as follows
.
If we put into place C 1 and C 2 into the equation (21) we achieve the solution of the equation (20) as
To get the approximation of x n (t) we can use (19) and the equalityh(t) = h(t) + V x n−1 thus it yields the following approximation formula,
here
To guarantee that the approximations of x n (t) is convergent to the solution of the problem (1-3), the following linear operator 
Conclusion
The aim of this paper is to construct an approximate solution of the equation (9) which is elastic ground problem with variable coefficients. In Table 1 the solution of (29) is seen in detailed. The numerical outputs in the Table 1 show us that the approximate solution is very close to the exact solutions of (29).
